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Abstract
We characterize the modules B of homological type FPm over ZpG, where G is a topologically
finitely generated metabelian pro-p group that is an extension of A by Q, with A and Q abelian,
and B is a finitely generated pro-p ZpQ-module that is viewed as a pro-p ZpG-module via
the projection G → Q. The characterization is given in terms of the invariant introduced by King
[J.D. King, A geometric invariant for metabelian pro-p groups, J. London Math. Soc. (2) 60 (1)
(1999) 83–94] and is a generalization of the case when B = Zp is considered as a trivial ZpG-
module that gives the classification of metabelian pro-p groups of type FPm [D.H. Kochloukova,
Metabelian pro-p groups of type FPm, J. Group Theory 3 (4) (2000) 419–431].
© 2005 Published by Elsevier Inc.
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1. Introduction
Let G be a pro-p group. A pro-p ZpG-module B is of homological type FPm over
ZpG if B has a ZpG-projective resolution where all modules in dimensions less or
equal to m are finitely generated.
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Conjecture that classifies the homological type of some special pro-p modules over finitely
generated metabelian pro-p groups (finitely generated pro-p groups means topologically
finitely generated pro-p groups). We are interested in pro-p modules B over the completed
group algebra ZpG, where G is a finitely generated pro-p group that is an extension of
A by Q, with A and Q abelian, and B is a finitely generated pro-p ZpQ-module that is
viewed as a ZpG-module via the projection G → Q. The classification is given in terms
of the invariant Δ defined by King in [6].
The problem was first suggested for the case of modules over finitely generated
metabelian abstract groups [7, Conjecture 7]. This case is proved only for m = 1 [7] and
m = 2 [10] with G being a split extension of abelian groups, and it is a generalization of
the FPm-Conjecture [2]. The same problem was also formulated and proved for modules
over metabelian Lie algebras which are split extension of an abelian ideal by an abelian
Lie subalgebra [9]. Our main result is the proof of the pro-p case without any restriction
on the type of extension.
Theorem 1.1. Let 1 → A → G → Q → 1 be an exact sequence of pro-p groups such
that A and Q are abelian and G is finitely generated. Let B be a finitely generated pro-p
ZpQ-module. Then the following are equivalent:
(i) B is of homological type FPm over ZpG, where the action of G is defined via the
epimorphism G → Q;
(ii) B ⊗ˆZp (
⊗ˆm
Zp
A) is finitely generated as a pro-p ZpQ-module via the diagonal
Q-action;
(iii) B ⊗ˆZp (
∧ˆm
Zp
A) is finitely generated as a pro-p ZpQ-module via the diagonal
Q-action;
(iv) if v1 ∈ ΔB(Q) and v2, . . . , vm+1 ∈ ΔA(Q) are such that v1v2 · · ·vm+1 = 1, then v1 =
v2 = · · · = vm+1 = 1.
Here, Δ∗(Q) stands for the King invariant associated to a finitely generated ZpQ-
module (see Section 2.2). The case where B is zero is degenerated and we shall tacitly
exclude it in this paper.
A pro-p group G is of homological type FPm over ZpG if Zp considered as a trivial
pro-p ZpG-module is of type FPm. Note that in Theorem 1.1, the case B = Zp is exactly
the classification of the metabelian pro-p groups of type FPm suggested by King in [6] and
proved by Kochloukova in [8, Theorem D]. This particular case is the pro-p version of the
FPm-Conjecture. Although our result is more general than [8, Theorem D], it is worthwhile
to mention that in our proof we use the fact that the result holds for B = Zp .
Note also that the equivalence of (i) and (iv) in Theorem 1.1 implies that, whenever m
elements of ΔA(Q) have trivial product, each one is trivial (i.e., A is m-tame). Thus in
view of [8, Theorem D] we can state the following result.
Corollary 1.2. Let 1 → A → G → Q → 1 be an exact sequence of pro-p groups such
that A and Q are abelian and G is finitely generated. Let B be a finitely generated pro-p
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homological type FPm over ZpG, then G is of homological type FPm over ZpG.
The proof of Theorem 1.1 will be done in several steps. In one of them (see Theo-
rem 3.3) we obtain the following auxiliar equivalence: B is of type FPm over ZpG if and
only if TorZpAi (B,Fp) is finitely generated as a pro-p FpQ-module for all i m. This
result is an important tool and it is a straightforward generalization of the case B = Zp [5,
Theorem 3.2], where TorZpAi (Zp,Fp) = Hi(A,Fp) is the ith homology group of A with
coefficients in Fp . In another step we apply the universal coefficient theorem to obtain a re-
lationship between TorZpAi (B,Fp) and Hi(A,Zp). This relation and some results about
the structure module of Hi(A,Zp) proved in [5,8], will able us to verify that (i) implies
(iii) and that (ii) implies (i) (see Theorems 4.1 and 4.6).
The paper is organized as follows. In Section 2 we present some basic definitions, the
results of [5,8] that we will use and we discuss with details the King invariant. In Section 3
we prove the aforementioned auxiliar equivalence. Finally, Section 4 is devoted to the proof
of the main result.
2. Preliminaries
2.1. Pro-p modules of type FPm
Let G be a pro-p group, ZpG be the completed group algebra of G over the ring of
p-adic integers Zp and B be a (right) pro-p ZpG-module. A (right) ZpG-projective
resolution of B is an exact sequence in the category of pro-p ZpG-modules
F : · · · → Fi → Fi−1 → ·· · → F0 → B → 0
where each Fi is a projective (right) pro-p ZpG-module. Given 0m∞, we say that
B is of type FPm over ZpG if B has a ZpG-projective resolution with each Fi finitely
generated (topologically or abstractly is the same [14, Lemma 7.2.2]) as a ZpG-module
for 0 i m (for all i if m = ∞).
Note that B is of type FP0 over ZpG if and only if B is a finitely generated pro-p
ZpG-module. Furthermore, B is finitely presented pro-p ZpG-module if and only if
there is an exact sequence R → F0 → B → 0 of pro-p ZpG-modules such that F0 is
free and F0 and R are finitely generated. Then B is of type FP1 over ZpG if and only if
B is finitely presented.
Now let L be a (left) pro-p ZpG-module. Given a (right) ZpG-projective resolution
F of B , we obtain a complex
FB ⊗ˆZpG L : · · · → Fi ⊗ˆZpG L → Fi−1 ⊗ˆZpG L → ·· · → F0 ⊗ˆZpG L → 0.
Then TorZpGi (B,L) is the ith homology group Hi(FB ⊗ˆZpG L) of this complex. Good
references about homological properties of profinite modules are [12,14].
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homology groups
Hi(A,Fp) = TorZpAi (Zp,Fp),
where A is an abelian pro-p group and Zp and Fp are considered as trivial ZpA-modules.
We state below some results that suit our purposes. The first one is proved in [5] and some
observations about the naturalness of the morphisms can be found in [8, Lemma 3].
Theorem 2.1. [5, Theorem 3.5] Let A be an abelian pro-p group and Fp be considered as
trivial pro-p ZpA-module. Then, for each i, there is a natural monomorphism
β :
∧ˆi
Fp
(A ⊗ˆZp Fp) → Hi(A,Fp)
from the completed ith exterior power to the ith homology group. If A is torsion-free then
β is an isomorphism. Moreover, if a pro-p group Q acts on A, then β is a monomorphism
of Q-modules, where Q acts diagonally on ∧ˆi
Fp
(A ⊗ˆZp Fp).
In the next result Sˆk
Zp
(A) denotes the completed kth symmetric tensor power of A
over Zp . Theorem 2.2 is a corollary of a result of Cartan [4].
Theorem 2.2. [8, Theorem B] If A is an abelian pro-p group of exponent p, then
Hn(A,Fp) has a natural filtration of Zp-submodules with factors that are embeddable
in one of the modules
(∧ˆn−2r
Zp
A
)
⊗ˆZp SˆrZp (A) for 0 r 
[
n
2
]
and p = 2,
Sˆn
Z2
(A) for p = 2.
Furthermore, if A is a pro-p ZpQ-module for some pro-p group Q, then the above
filtration is of pro-p ZpQ-submodules and the action of Q on the quotients is induced
by the diagonal action of Q on ⊗ˆn−r
Zp
A for 0 r  [n/2].
Corollary 2.3. [8, Corollary C] Let A be a finitely generated pro-p ZpQ-module, where
Q is a pro-p group of finite rank. Then Hn(A,Fp) has a filtration of ZpQ-submodules
with quotients that are pro-p ZpQ-subquotients of
Hα1(A1,Fp) ⊗ˆZp Hα2(A2,Fp) ⊗ˆZp · · · ⊗ˆZp Hαs (As,Fp)
where α1 + α2 + · · · + αs = n, A has a filtration
B1 = A ⊇ B2 = torA ⊇ B3 ⊇ · · · ⊇ Bs ⊇ Bs+1 = 0,
Aj = Bj/Bj+1, Aj has exponent p for j  2 and the action of Q on the above completed
tensor product is the diagonal one.
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thermore, note that if M is a pro-p ZpG-module of exponent p (possibly with G = 1)
we can see it as a module over FpG = ZpG/pZpG and for such modules the functor
− ⊗ˆFpG − coincides with − ⊗ˆZpG−.
2.2. The King invariant for metabelian pro-p groups
Let F be the algebraic closure of Fp and FT  be the formal power series algebra with
group of units FT ×. Let Q be a finitely generated abelian pro-p group and T (Q) be the
set Hom(Q,FT ×) of continuous homomorphisms from Q to FT ×. By the universal
property of ZpQ, each v ∈ T (Q) extends to an unique continuous ring homomorphism
from ZpQ to FT  that we denote by v.
Definition 2.4. Let Q be a finitely generated abelian pro-p group and A be a finitely
generated pro-p ZpQ-module. The King invariant is defined by
ΔA(Q) =
{
v ∈ T (Q) | AnnZpQ(A)Kerv
}∪ {1}.
The King invariant was recently generalized for the case of pro-p groups of type FPm
in [11]. We state below some important properties of ΔA(Q).
Proposition 2.5. [6, Corollary 2.6] Let Q be a finitely generated abelian pro-p group,
P a closed subgroup of Q and A a finitely generated pro-p ZpQ-module. Then A is
finitely generated as a pro-p ZpP -module if and only if T (Q,P )∩ΔA(Q) = {1}, where
T (Q,P ) = {v ∈ T (Q) | v(P ) = 1}.
For the next property, let us fix the following notation. Let Q and Q′ be finitely gen-
erated abelian pro-p groups. Then an epimorphism π :Q → Q′ induces a monomorphism
π∗ :T (Q′) → T (Q). If S1 and S2 are subsets of T (Q), we write S1S2 for the set of prod-
ucts given by the multiplication in T (Q).
Proposition 2.6. [6, Proposition 2.7] Let Q1 and Q2 be finitely generated abelian pro-p
groups and π1 and π2 be the projections from Q = Q1 ⊕ Q2 to Q1 and Q2, respectively.
Let A1 and A2 be finitely generated pro-p ZpQ1- and ZpQ2-modules, respectively.
Then the completed tensor product A1 ⊗ˆZp A2 is a finitely generated pro-p ZpQ-module
and
ΔA1⊗ˆZpA2(Q) =
(
π∗1 ΔA1(Q1)
)(
π∗2 ΔA2(Q2)
)
.
3. Homology of pro-p modules
A pro-p group G is of type FPm over ZpG if Zp considered as trivial ZpG-module
is of type FPm over ZpG. In [6, Theorem A], King proved that G is of type FPm if and
only if each homology group Hi(G,Fp) = TorZpG(Zp,Fp) is finite for i  m. Indeed,i
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logically (or abstractly) finitely generated if and only if M ⊗ˆZpG Fp is finite-dimensional
over Fp [3, Corollary 1.5].
Let N be a (closed) normal subgroup of a pro-p group G. Note that if G/N has finite
rank then ZpG/N is topologically (and abstractly) Noetherian [14, Theorem 8.7.8] and
G is of type FPm if and only if Hi(N,Fp) is a finitely generated pro-p ZpG/N-module
for i m [5, Theorem 3.2].
In this section, we present similar results for the case of non-trivial modules. In what
follows, k will denote either Zp or Fp .
Theorem 3.1. Let G be a pro-p group, N a normal subgroup of G such that G/N has
finite rank and B a pro-p ZpG-module. Then B is of type FPm over ZpG if and only if
TorZpGi (B, kG/N) is a finitely generated (right) pro-p kG/N-module for 0 i m.
Proof. The proof is a straightforward adaptation of the case B = Zp with trivial G-action
proved in [5, Theorem A]. We omit the details. 
Lemma 3.2. Let G be a pro-p group, N a normal subgroup of G and B pro-p
ZpG-module. Then Tor
ZpN
i (B, k) is a (right) pro-p kG/N-module isomorphic to
TorZpGi (B, kG/N), for all i.
The above lemma is a pro-p version of the Shapiro’s lemma [12, Theorem 6.10.9]. In
view of Lemma 3.2 and Theorem 3.1, we can state the following result which is the main
tool to be used in the proof of Theorem 1.1.
Theorem 3.3. Let G be a pro-p group, N a normal subgroup of G such that G/N has
finite rank and B a pro-p ZpG-module. Then B is of type FPm over ZpG if and only
if TorZpNi (B, k) is finitely generated as a pro-p kG/N-module for all 0 i m.
4. Proof of Theorem 1.1
We start this section by proving that (ii) is equivalent to (iv) in Theorem 1.1. Indeed,
this is a particular case of the following result.
Theorem 4.1. Let Q be a finitely generated abelian pro-p group and A1,A2, . . . ,Am
finitely generated pro-p ZpQ-modules. Then the completed tensor product C =
A1 ⊗ˆZp A2 ⊗ˆZp · · · ⊗ˆZp Am is a finitely generated pro-p ZpQ-module via the diagonal
Q-action if and only if whenever vi ∈ ΔAi (Q), i = 1,2, . . . ,m, are such that v1v2 · · ·
vm = 1 we have vi = 1, for i = 1,2, . . . ,m.
Proof. Since Ai is a finitely generated pro-p ZpQ-module for i = 1,2, . . . ,m, we have
that C is finitely generated as
⊗ˆm
ZpQ(∼= ZpQm)-module.Zp
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C is finitely generated as a Zpδ(Q)-module if and only if
ΔC
(
Qm
)∩ T (Qm,δ(Q))= {1}.
Let πi :Qm → Q be the ith projection and π∗i :T (Q) → T (Qm) be the induced
monomorphism. Let us identify T (Q) with its images π∗i (T (Q)). We may write each
element v ∈ T (Qm) uniquely as v = v1v2 · · ·vm with vi ∈ π∗i (T (Q)), i = 1,2, . . . ,m.
Moreover, we have
v(x1 ⊗ˆ x2 ⊗ˆ · · · ⊗ˆ xm) = v1(x1)v2(x2) · · ·vm(xm).
By Proposition 2.6,
ΔC
(
Qm
)= (π∗1 ΔA1(Q))(π∗2 ΔA2(Q)) · · · (π∗mΔAm(Q)).
Thus A1 ⊗ˆZp A2 ⊗ˆZp · · · ⊗ˆZp Am is finitely generated as a pro-p Zpδ(Q)-module if and
only if
[(
π∗1 ΔA1(Q)
)(
π∗2 ΔA2(Q)
) · · · (π∗mΔAm(Q))]∩ T (Qm,δ(Q))= 1.
But v ∈ T (Qm, δ(Q)) if and only if v1(q)v2(q) · · ·vm(q) = 1, for all q ∈ Q. Also v ∈
(π∗1 ΔA1(Q))(π∗2 ΔA2(Q)) · · · (π∗mΔAm(Q)) if and only if vi ∈ ΔAi (Q), for i = 1,2, . . . ,m.
Moreover, v = 1 if and only if vi = 1 for all i. These are precisely the conditions that appear
in the statement of the theorem. 
Hereafter we will use the following notation. Let 1 → A → G → Q → 1 be an exact
sequence of pro-p groups such that A and Q are abelian and G is finitely generated and
let B be a finitely generated pro-p ZpQ-module. Then B is a pro-p ZpG-module via
the epimorphism G → Q and A is a finitely generated right pro-p ZpQ-module where
the action of Q is via conjugation in G.
Theorem 4.2. If B ⊗ˆZp (
∧ˆm
Zp
A) is a finitely generated pro-p ZpQ-module via the diag-
onal Q-action, then B ⊗ˆZp (
⊗ˆm
Zp
A) is a finitely generated pro-p ZpQ-module via the
diagonal Q-action.
Proof. By Theorem 4.1, B ⊗ˆZp (
⊗ˆm
Zp
A) is finitely generated via the diagonal Q-action
if and only if whenever v1 ∈ ΔB(Q) and v2, . . . , vm+1 ∈ ΔA(Q) are such that v1v2 · · ·
vm+1 = 1 we have v1 = v2 = · · · = vm+1 = 1.
Suppose that the theorem is false. Then there exist elements v1 ∈ ΔB(Q) and
v2, . . . , vm+1 ∈ ΔA(Q) not all trivial such that v1v2 · · ·vm+1 = 1. If v1 = 1, we have m
elements in ΔA(Q) not all trivial with product equal to 1. Then
∧ˆm
Zp
A is not finitely gen-
erated over ZpQ, since Theorem 1.1 holds for B = Zp [8, Theorem D]. On the other
hand, let J be the unique maximal ideal in ZpQ and B0 = B/BJ . By the topological
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Corollary 1.5], B0 is finite-dimensional over ZpQ/J ∼= Fp . Now, B0 ⊗ˆZp (
∧ˆm
Zp
A) is a
ZpQ-module quotient of B ⊗ˆZp (
∧ˆm
Zp
A) and therefore is finitely generated over ZpQ.
Since Q acts trivially on B0, we have
B0 ⊗ˆZp
(∧ˆm
Zp
A
)
∼=
⊕
d
(
Fp ⊗ˆZp
(∧ˆm
Zp
A
))
as pro-p ZpQ-modules, where d = dimFp B0. It follows that Fp ⊗ˆZp (
∧ˆm
Zp
A) is finitely
generated over ZpQ and therefore the same holds for
∧ˆm
Zp
A, a contradiction. Thus we
may suppose that v1 = 1.
In order to get a contradiction we follow some ideas from [8, Theorem A]. Firstly, we
will reduce the problem to the case where A and B are cyclic pro-p ZpQ-modules with
characteristic p. By [6, Lemmas 2.3 and 2.4], if M is a finitely generated pro-p ZpQ-
module we have
ΔM(Q) = Δ M
pM
(Q) = ΔZpQ
M◦
(Q) = ΔZpQ√
M◦
(Q),
where M◦ = AnnZpQ(M). Then we can assume that A and B have prime characteris-
tic p. Since ZpQ is an abstractly Noetherian commutative ring,
√
A◦ = P1 ∩ · · · ∩ Ps
and
√
B◦ = Q1 ∩ · · · ∩Qr are intersections of the minimal prime ideals of A◦ and B◦, re-
spectively. Recall that the minimal prime ideals of A◦ and B◦ as ideals of ZpQ coincide
with the minimal prime ideals of A and B as abstract ZpQ-modules, respectively. For
each i, choose an element ai ∈ A such that AnnZpQ(ai) = Pi . By [1, Proposition II.1.4],
the map
φ :
s⊕
i=1
ZpQ
Pi
→ A
that sends
⊕
(λi + Pi) to ∑λiai is injective. Since A˜ := ZpQ/√A◦ embeds in⊕s
i=1 ZpQ/Pi , it follows that A˜ embeds in A. Now, by [14, Lemma 7.2.2], every finitely
generated abstract ZpQ-submodule of A is closed, then A˜ embeds in A as a finitely gen-
erated pro-p ZpQ-submodule. By the same arguments, we have that B˜ := ZpQ/
√
B◦
embeds in B as a finitely generated pro-p ZpQ-submodule. Now, since we are suppos-
ing that A and B have prime characteristic p, B˜ ⊗ˆZp (
∧ˆm
Zp
A˜) embeds in B ⊗ˆZp (
∧ˆm
Zp
A),
from where it follows that B˜ ⊗ˆZp (
∧ˆm
Zp
A˜) is a finitely generated pro-p ZpQ-module
via the diagonal Q-action. Therefore, the hypothesis hold for A˜ and B˜ and we can assume
A˜ = A and B˜ = B .
Recall that we are supposing that there exist elements v1 ∈ ΔB(Q), with v1 = 1, and
v2, . . . , vm+1 ∈ ΔA(Q) not all trivial such that v1v2 · · ·vm+1 = 1. Without loss of general-
ity, suppose that v2, . . . , vs are non-trivial and vs+1 = · · · = vm+1 = 1. For i = 1,2, . . . , s,
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Ft such that B◦ Kerv1 and A◦ Kervi , i = 2, . . . , s. Let
w1 :B → Ft, wi :A → Ft, i = 2, . . . , s,
be the homomorphisms induced by v1, v2, . . . , vs , respectively, and μi :Ft → Fti, i =
1,2, . . . ,m + 1, the isomorphisms of F-algebras that send t to ti .
Since F has the discrete topology and is infinite, Ft is not a pro-p ring but does have
much in common with pro-p rings. In order to do the “complete tensor product” of the
above maps, we will define another tensor product that has the same properties of ⊗ˆ. If K
is a field and M = lim←−kMk and N = lim←−lNl are vector spaces over K given by the inverse
limit of finite-dimensional vector spaces over K , we define M ⊗¯K N by the inverse limit of
abstract tensor products lim←−k,l(Mk ⊗K Nl). Now, we have that Ft = lim←−kFt/〈tk〉 is the
inverse limit of finite-dimensional spaces over F, where 〈tk〉 is the ideal of Ft generated
by tk . Then
Fti ⊗¯F Ftj  = lim←−k,l
(
Fti
〈tki 〉
⊗F Ftj 〈t lj 〉
)
= Fti , tj 
and we can construct a non-trivial map
w˜ = μ1w1 ⊗¯ μ2w2 ⊗¯ · · · ⊗¯ μsws ⊗¯μs+1ws ⊗¯ · · · ⊗¯ μm+1ws
from B ⊗ˆFp (
⊗ˆm
Fp
A) to Ft1 ⊗¯F Ft2 ⊗¯F · · · ⊗¯F Ftm+1 such that
w˜(b ⊗ˆ a1 ⊗ˆ · · · ⊗ˆ am) = μ1w1(b) ⊗¯ μ2w2(a1) ⊗¯ · · · ⊗¯μm+1ws(am).
Let
α :B ⊗ˆFp
(⊗ˆm
Fp
A
)
→ B ⊗ˆFp
(⊗ˆm
Fp
A
)
be the Fp-linear map given by
α(b ⊗ˆ a1 ⊗ˆ · · · ⊗ˆ am) =
∑
σ∈Sm
(−1)σ b ⊗ˆ aσ(1) ⊗ˆ · · · ⊗ˆ aσ(m),
where (−1)σ is the sign of σ ∈ Sm. Note that the image Imα of α factors through
B ⊗ˆFp (
∧ˆm
Fp
A). Since B ⊗ˆZp (
∧ˆm
Zp
A) is a finitely generated pro-p ZpQ-module via
the diagonal Q-action, the same holds for Imα.
Let S be the additive subgroup of
⊗ˆm
Fp
FpQ ∼= FpQm generated by
{
λ ∈ FpQm | λσ = λ, for all σ ∈ Sm
}
,
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and Fp ⊂ S. We claim that FpQm is integral over S, in the sense that FpQm is ab-
stractly finitely generated as a S-module, hence finitely generated as a pro-p S-module
[14, Lemma 7.2.2]. Indeed, each element t ∈ FpQm is integral over S, since it is a root
of the polynomial
∏
σ∈Sm(x − tσ ) ∈ S[x]. Thus, if Xi is a finite set of topological gener-
ators for the ith copy of the abelian pro-p group Q in Qm ⊂ FpQm and X =⋃mi=1 Xi ,
we have that the abstract ring S[X] is integral over S and then S[X] is finitely gener-
ated as an abstract S-module. Furthermore, S ⊂ S[X] ⊆ FpQm, from which follows
that S[X] is closed [14, Lemma 7.2.2]. Then FpQm ⊆ Fp[X] ⊆ S[X] = S[X] and so
FpQm = S[X] is integral over S, as claimed.
By using the claim, we have that
⊗ˆm+1
Fp
FpQ ∼= FpQ ⊗ˆFp (
⊗ˆm
Fp
FpQ) is integral
over FpQ ⊗ˆFp S. Note that Imα(FpQ ⊗ˆFp S) = Imα and recall that Imα is a finitely
generated FpQ-module via the diagonal Q-action. So V = Imα (⊗ˆm+1Fp FpQ) is a
finitely generated FpQ-module via the diagonal Q-action.
Recall that
R := Ft1 ⊗¯F Ft2 ⊗¯F · · · ⊗¯F Ftm+1
∼= Ft1, t2, . . . , tm+1 ∼= Ft1, . . . , ts ⊗¯F Fts+1, . . . , tm+1.
We have w˜(V ) finitely generated over ZpQ, where the action of Q on R is induced
by w˜ via the diagonal Q-action on B ⊗ˆFp (
⊗ˆm
Fp
A), that is, the action of q ∈ Q is the
multiplication by
δ(q) = μ1w1(q)μ2w2(q) · · ·μsws(q)μs+1ws(q) · · ·μm+1ws(q). (4.3)
The same arguments from [8, Lemma 1] shows that w˜(V ) = 0. Then there exists j  1
such that w˜(V ) is not contained in I = Ft1, . . . , ts ⊗¯F I0, where I0 is the ideal of
Fts+1, . . . , tm+1 generated by tjs+1, . . . , t
j
m+1. Let J0 be the ideal of Ft1, . . . , ts gen-
erated by t1 − t2, t2 − t3, . . . , ts−1 − ts and set J = J0 ⊗¯F Fts+1, . . . , tm+1. Since⋂
k1 J
k
0 = 0 and
R/I ∼= Ft1, . . . , ts ⊗¯F
(
Fts+1, . . . , tm+1/I0
)
,
it follows that
⋂
k1(J
k + I )/I = 0. Then, since w˜(V ) is not a subset of I , there exists
k0  0 such that
w˜(V ) ⊆ J k0 + I and w˜(V )  J k0+1 + I,
where by definition J 0 = Ft1, t2, . . . , tm+1.
Recalling that an element q ∈ Q acts on Ft1, t2, . . . , tm+1 as in (4.3), that v1v2· · ·vs = 1
and that the action of Q is continuous, we have
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(
w1(q) · · ·ws(q)
)
μs+1ws(q) · · ·μm+1ws(q)
= J +μs+1ws(q) · · ·μm+1ws(q)
⊆ J + 1 + (ts+1, . . . , tm+1)Fts+1, . . . , tm+1.
Then for sufficiently large k, we have
δ
(
qp
k )= δ(q)pk ∈ J + I + 1.
Therefore the canonical image V of w˜(V ) in
(
J k0 + I)/(J k0+1 + I)∼= (J k00 /J k0+10 )⊗F (Fts+1, . . . , tm+1/I0)
is not trivial and the induced action of Qpk on V is trivial. Since w˜(V ) is finitely generated
over FpQ we deduce that V is finitely generated over Fp(Q/Qp
k
) and so finite.
On the other hand, choose q ∈ Q such that μ1v1(q) = 1 and define
h = q ⊗ˆ
(⊗ˆm
1
)
∈
⊗ˆm+1
Fp
FpQ.
The action of h on (J k0 + I )/(J k0+1 + I ) is given by multiplication by f = μ1v1(q) with
f = 1 in Ft1. Note that J k00 /J k0+10 is a free abstract Ft1-module of finite rank and F is
a domain. It follows that the non-trivial powers of f cannot act trivially on any non-zero
element of (J k0 +I )/(J k0+1+I ). But, since the image V of w˜(V ) in (J k0 +I )/(J k0+1+I )
is finite, some power of f must act trivially on V , a contradiction. 
With Theorems 4.1 and 4.2, we have proven the equivalences of (ii), (iii) and (iv) from
Theorem 1.1, since (ii) implies (iii) trivially. Furthermore, we have also proven another
equivalence for the item (i) in Theorem 3.3. In Lemma 4.5, we will establish a relationship
between TorZpAn (B,Fp) and the homology group Hn(A,Fp).
Lemma 4.4. If M and N are abelian pro-p groups such that N has exponent p, there is a
natural isomorphism TorZp1 (M,N) ∼= (pM) ⊗ˆZp N , where (pM) = {m ∈ M | pm = 0}.
Proof. Firstly note that, since the functors TorZp1 (M,−) and (pM) ⊗ˆZp − commute with
inverse limits, we can consider N finite. Since pN = 0, we have that N is a pro-p
Zp/pZp(∼= Fp)-module. Let X be a (finite) base of N as a pro-p Fp-module and F be
a free pro-p Zp-module on X. Then 0 → F p→ F → N → 0 is a Zp-free resolution of N ,
where F p→ F is the multiplication by p and F → N is the identity on X. Therefore
TorZp (M,N) = Ker(M ⊗ˆZp F 1⊗ˆp−−−−→ M ⊗ˆZp F ).1
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module. Thus,
Ker
(⊕
x∈X
Mx
p→
⊕
x∈X
Mx
)
∼=
⊕
x∈X
(pM)x ∼=
(pM) ⊗ˆZp F
(pM) ⊗ˆZp pF
∼= (pM) ⊗ˆZp N
and the lemma is proved. 
Recalling that by hypothesis A acts trivially on B , we can prove the following version
of the universal coefficient theorem.
Lemma 4.5. There is a short exact sequence of ZpQ-modules
0 → B ⊗ˆZp Hn(A,Fp) → TorZpAn (B,Fp) → (pB) ⊗ˆZp Hn−1(A,Fp) → 0
with natural maps.
Proof. Recall that TorZpAn (B,Fp) can be calculated starting from a ZpA-projective
resolution of B or starting from a ZpA-projective resolution of Fp . Let
F : · · · → Fi → Fi−1 → ·· · → F0 → Fp → 0
be a ZpA-free resolution of Fp . Then we have that
Hn
(
B ⊗ˆZpA FFp
)= TorZpAn (B,Fp).
Note also that by hypothesis B is a trivial A-module, so B ⊗ˆZp Zp ⊗ˆZpA− and B ⊗ˆZpA− are isomorphic functors.
By the universal coefficient theorem for pro-p homology (for ordinary homology see
[13, Theorem 8.22]), we have that
0 → B ⊗ˆZp Hn
(
Zp ⊗ˆZpA FFp
)→ Hn(B ⊗ˆZp Zp ⊗ˆZpA FFp)
→ TorZp1
(
B,Hn−1
(
Zp ⊗ˆZpA FFp
))→ 0
is an exact sequence with natural maps. From the above observations we see that the middle
term of the exact sequence is TorZpAn (B,Fp). Moreover, the left term is
B ⊗ˆZp Hn
(
Zp ⊗ˆZpA FFp
)= B ⊗ˆZp Hn(A,Fp)
and, by Lemma 4.4, the right term TorZp1 (B,Hn−1(Zp ⊗ˆZpA FFp )) is equal to
TorZp1
(
B,Hn−1(A,Fp)
)∼= (pB) ⊗ˆZp Hn−1(A,Fp),
since Hn−1(A,Fp) has exponent p. 
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B ⊗ˆZp Hi(A,Fp) ∼= (B/pB) ⊗ˆFp Hi(A,Fp).
So, reducing modulo p will be a natural procedure for the proof of the next results. We
will do this many times inside our next proofs, although another kind of reduction could be
done. Applying Lemmas 4.5 and 4.8, we can prove that TorZpAi (B,Fp), for i  n, are fi-
nitely generated over ZpQ if and only if Tor
ZpA
i (B/pB,Fp) and Tor
ZpA
i ((pB),Fp),
for i  n, are finitely generated over ZpQ. Thus, by Theorem 3.3, we have that B is of
type FPm over ZpG if and only if B/pB ∼= B ⊗ˆZp Fp and (pB) are of type FPm over
ZpG.
Now we are ready to prove that (i) implies (iii).
Theorem 4.6. If B is of type FPm over ZpG, then B ⊗ˆZp (
∧ˆm
Zp
A) is a finitely generated
pro-p ZpQ-module via the diagonal Q-action.
Proof. By Theorem 3.3, we have that TorZpAi (B,Fp) is a finitely generated pro-p
ZpQ-module for 0 i m. By Lemma 4.5 and the fact that Q has finite rank, we have
B ⊗ˆZp Hi(A,Fp) finitely generated via the diagonal Q-action for 0 i m and therefore
(B ⊗ˆZp Fp) ⊗ˆFp Hm(A,Fp) is finitely generated as a pro-p FpQ-module, where the Q-
action is the diagonal one. Furthermore, from Theorem 2.1 and the exactness of − ⊗ˆFp −
it follows that
1 ⊗ˆ β : (B ⊗ˆZp Fp) ⊗ˆFp
(∧ˆm
Fp
(A ⊗ˆZp Fp)
)
→ (B ⊗ˆZp Fp) ⊗ˆFp Hm(A,Fp)
is a natural monomorphism of pro-p FpQ-modules via the diagonal Q-action. Then
B ⊗ˆZp (
∧ˆm
Fp
A⊗ˆZp Fp) is finitely generated via the diagonal Q-action and we conclude that
B ⊗ˆZp (
∧ˆm
Zp
A) is a finitely generated pro-p ZpQ-module via the diagonal Q-action. 
It remains to show that (ii) implies (i). This will be done by using Lemma 4.5 and the
filtrations of the homology group Hn(A,Fp) given by Theorem 2.2 and Corollary 2.3. So
we need the following lemma.
Lemma 4.7. Let M and N be pro-p ZpQ-modules and
0  F1 ⊆ F2 ⊆ · · ·  Fs = N
be a filtration of ZpQ-submodules of N . Then M ⊗ˆZp N has a filtration of ZpQ-
submodules
0  Q1 ⊆ Q2 ⊆ · · ·  Qs = M ⊗ˆZp N,
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clusion Fj ↪→ N . Moreover, M ⊗ˆZp (Fj /Fj−1) maps surjectively to Qj/Qj−1 for each
j = 1,2, . . . , s.
Proof. The first part of the lemma follows immediately from the definitions of Qj . In
order to prove the second part we apply induction on the length s of the filtration of N .
The case s = 1 is trivial. Suppose that s > 1. Then, if Q′j = Im(M ⊗ˆZp Fj → M ⊗ˆZp Fs−1),
j = 1, . . . , s − 1, by induction
M ⊗ˆZp (Fj /Fj−1)Q′j /Q′j−1,
where we are using the symbol “” to denote a surjective map. But Q′j  Im(M ⊗ˆZp
Fj → M ⊗ˆZp Fs) = Qj , for j = 1, . . . , s − 1. Then
M ⊗ˆZp (Fj /Fj−1)Qj/Qj−1 for j = 1, . . . , s − 1.
Furthermore,
M ⊗ˆZp (Fs/Fs−1) ∼=
(
M ⊗ˆZp Fs
)/
Im
(
M ⊗ˆZp Fs−1 → M ⊗ˆZp Fs
)= Qs/Qs−1,
since B ⊗ˆZp − is right exact. 
The last auxiliary result is about finitely generation of completed tensor product of
pro-p modules.
Lemma 4.8. [8, Lemma 2] Let Q be a pro-p group of finite rank. Suppose that M and
N are finitely generated pro-p ZpQ-modules and that M ⊗ˆZp N is a finitely generated
pro-p ZpQ-module via the diagonal Q-action. Then for every pro-p ZpQ-submodule
M1 of M , the tensor product M1 ⊗ˆZp N is finitely generated as a pro-p ZpQ-module
via the diagonal Q-action.
We observe that the equivalence of (ii) and (iv) of Theorem 1.1 implies that B ⊗ˆZp
(
⊗ˆm
Zp
A) is a finitely generated pro-p ZpQ-module via the diagonal Q-action if and
only if B ⊗ˆZp (
⊗ˆn
Zp
A) is a finitely generated pro-p ZpQ-module via the diagonal Q-
action for all nm. Then the next theorem concludes the proof of Theorem 1.1.
Theorem 4.9. If B ⊗ˆZp (
⊗ˆn
Zp
A) is a finitely generated pro-p ZpQ-module via the di-
agonal Q-action for all nm, then B is of type FPm over ZpG.
Proof. Since Q has finite rank, Theorem 3.3 says that we must show that TorZpAi (B,Fp)
is finitely generated as a pro-p FpQ-module for all i m. By Lemma 4.5, it is enough
to show that B ⊗ˆZp Hi(A,Fp) and (pB) ⊗ˆZp Hi−1(A,Fp) are finitely generated pro-p
FpQ-modules via the diagonal Q-action for all i m.
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subquotient of
Mn(α1,...,αs ) = Hα1(A1,Fp) ⊗ˆZp Hα2(A2,Fp) ⊗ˆZp · · · ⊗ˆZp Hαs (As,Fp),
where α1 + · · · + αs = n. Then, by Lemma 4.7, we obtain a filtration {Qj } of B ⊗ˆZp
Hn(A,Fp) such that
B ⊗ˆZp (Fj /Fj−1)Qj/Qj−1.
Note that if Qj/Qj−1 is a finitely generated FpQ-module for all j , then B ⊗ˆZp
Hn(A,Fp) is a finitely generated pro-p FpQ-module, since Q0 = 0 and Qt = B ⊗ˆZp
Hn(A,Fp) for some t . Thus we need to show that B ⊗ˆZp (Fj /Fj−1) is finitely gen-
erated. Since each Fj/Fj−1 is a subquotient of Mn(α1,...,αs ), it is enough to show that
(B ⊗ˆZp Fp) ⊗ˆFp Mn(α1,...,αs ) is a finitely generated FpQ-module.
By Theorem 2.2, Mn(α1,...,αs ) has a filtration of pro-p ZpQ-submodules with factors
embeddable in
Nn(k1,...,ks ) =
((∧ˆα1−2k1
Fp
A1
)
⊗ˆFp Sˆk1Fp (A1)
)
⊗ˆFp
· · · ⊗ˆFp
((∧ˆαs−2ks
Fp
As
)
⊗ˆFp SˆksFp (As)
)
,
for some ki  [αi/2]. By Lemma 4.7, the filtration of Mn(α1,...,αs ) induces a filtration of
(B ⊗ˆZp Fp) ⊗ˆFp Mn(α1,...,αs ) with factors that are surjective images of ZpQ-modules
embeddable in (B ⊗ˆZp Fp) ⊗ˆFp Nn(k1,...,ks ). This last module is a surjective image of
(B ⊗ˆZp Fp) ⊗ˆFp V , where
V =
(⊗ˆα1−k1
Zp
A1
)
⊗ˆZp
(⊗ˆα2−k2
Zp
A2
)
⊗ˆZp · · · ⊗ˆZp
(⊗ˆαs−ks
Zp
As
)
.
By hypothesis, (B ⊗ˆZp Fp) ⊗ˆFp (
⊗ˆn
Zp
A) ∼= B ⊗ˆZp (
⊗ˆn
Zp
A) is finitely generated via the
diagonal Q-action for n  m. By Theorem 4.1 together with the fact that Theorem 1.1
holds for B = Zp , we see that ⊗ˆnZpA is finitely generated as a pro-p ZpQ-module. Since∑s
i=1(αi − ki) n, by Lemma 4.8, B ⊗ˆZp V is a finitely generated pro-p ZpQ-module
via the diagonal Q-action. Thus we conclude that (B ⊗ˆZp Fp) ⊗ˆFp Nn(k1,...,ks ), is finitely
generated via the diagonal Q-action for n  m. Therefore (B ⊗ˆZp Fp) ⊗ˆFp Mn(α1,...,αs )
and, consequently, B ⊗ˆZp Hn(A,Fp) are finitely generated pro-p ZpQ-modules via the
diagonal Q-action for nm.
Observe that, by Lemma 4.8, (pB) ⊗ˆZp (
⊗ˆn
Zp
A) is a finitely generated pro-p ZpQ-
module via the diagonal Q-action for all n  m. Then similar arguments to the above
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⊗ˆn−1
Zp
A) instead B ⊗ˆZp (
⊗ˆn
Zp
A). Thus (pB) ⊗ˆZp Hn−1(A,Fp)
is finitely generated as a pro-p ZpQ-module via the diagonal Q-action for all n  m,
which concludes the proof of the theorem. 
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